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I. INTRODUCTION 
Recall that N is said to be a subnormal subgroup of a group G if 
and only if there exists a finite chain of subgroups N = I& u 
HI 4 HO = G from N to 6. We shall prove a criterion for simplifying the 
determination of whether two subnormal subgroups N, K permute, that 
is to say HK = KH. If H, K are subgroups of a group G we will write 
[H, ,Kj for the repeated commutator group [H, K, K,...? K]. The nth term 
of the lower central series will be denoted by m(G), ani H Q” G will denote 
that H is subnormal in G and the chain given above can be chosen to be of 
length n. 
THEWEM. If ET, K are two subplormal subgroups of a group = (H, K) 
then N, K permute if and only if their images in any nilpotent &age 0s G 
permute. 
@OROLLARY 1. If H and K are subnormal subgroup of a group G = < 
ami $ H/H’ @ K/K’ = 0 then G = WK. 
This is a well known result of J. E. Roseblade [a], whose proof can be 
simplified using the Theorem. From the Corollary to Lemma 1 of that 
paper we have 
We may assume that G is nilpotent by the Theorem. Since [Hi;, ,H][H, Xi’ 
(T > 1) is normal in G, see Lemma 2 of 131, by repeated commutation 
[PI, K] = [H, .K][K, $f][H, K]‘, (Y 3 1). By taking Y sufhcientiy large it 
follows that [N, K] = [N, K]‘, and thence that [N, K] = 1, as required. 
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COROLLARY 2. If H and K aye subnormal subgroups of agroup G = (H, K) 
andifH/(H~K)H’@Kj(HnK)K’=OthenG=HK. 
This result was conjectured by J. C. Lennox [4], and the proof is now 
immediate for by Theorem Al* of that paper Corollary 2 holds if G is 
nilpotent, and the Theorem shows that this is sufficient to prove it in the 
general case. 
From Corollary 2 we can deduce the following. 
COROLLARY 3. If H and K are subgroups of a group G and ;J 
H/(H n K) H’ @ K/(H n K) K’ = 0, then 
[H, KJ = [Z ,KlP n K Kl[H n K Hl[K &I (m, n 2 1). 
The proof follows the lines given in [2] for deducing Theorem 2 from 
Theorem 1 of that paper. However it is complicated by having to consider 
the free product H * K amalgamating H n K, instead of just the free 
product. 
2. PROOF 
LEMMA. Suppose G = HK where H c!” G and K 43” G, then there exists 
h = h(h, Y) such that 
whenever h 3 n f m and r 3 r, + Y% .
The function h(h, r) will be defined inductively. Put ;\(2, Y) = r + 1 for 
r>,2 and then define X(h,r)=X(h-l,X(h-l,r)+r), h>3. We 
proceed with the proof of the Lemma by induction on h. If n = m = 1 
then Fitting’s theorem gives us the result immediately. So we may 
assume without loss of generality that n > 1. Consider the series 
H = Ha -3 H,-, 4 ..* 4 Hz 4 H, = G. Then 
.~n(h-l,n(h-l,r)+T)(G) G ~n(n-w#J YAK). (1) 
Also by the inductive hypothesis applied to Hnel = H(K n H,,), 
From (1) and (2) we may deduce yncn,?)(G) < yvl(H) yTz(K) as required. 
Returning to the proof of the Theorem, first assume G = (H, K) is 
soluble and proceed by induction on the solubility length of G. Let A be the 
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last nontrivial term of the derived series of G, then by inducti 
By the Lemma there exists Y such that y,(HA) < Hy,(A) 
the Lemma there exists s such that yS(G) < yr(HA)K < WK. 
G = byte so that G = HK as required. We now have that G = HG(‘)K, 
(Y >, 1) where GfT) is the rth term of the derived series, but by ealing to 
Theorem B of [I], we know that there exists Y such that G(“) < , whence 
G=HK. 
1 wou”ld like to express my thanks to Dr. J. E. Roseblade for calling my 
attention to the paper by Dr. J. G. Lennox, and the Science Research Council 
for a research studentship. 
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